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Assessment Task 4

Mathematics Extension 2

General Instructions Total marks - 100

e Reading time — 10 minutes e Attempt Sections I and IL.

e Working time — 3 hours

e Write using black pen.

Section [ Pages 3 -6
e NESA approved calculators may be used.
10 marks

e Attempt Questions 1-10

e Allow about 15 minutes for this section.

e NESA approved reference sheet is provided.

e All necessary working should be shown in
every question.

e Make sure your HSC candidate Number is

written at the top of every writing page. Section 11 Pages 7 - 13

e Please indicate the question and page number
at the top of every page in the space provided 90 marks
(eg: Q11,1 0f4)

e Answer the Multiple-Choice questions on the
answer sheet provided.

e Attempt Questions 11 — 16.
e Allow about 2 hr and 45 minutes for
this section.

e Please write 'NOT ATTEMPTED' for any e Marks are as indicated.
questions not attempted.




Outcomes to be assessed:
Mathematics Extension 2

HSC :
A student

MEX12-1 understands and uses different representations of numbers and functions to model, prove
results and find solutions to problems in a variety of contexts

MEX12-2 chooses appropriate strategies to construct arguments and proofs in both practical and
abstract settings

MEX12-3 uses vectors to model and solve problems in two and three dimensions

MEX12-4 uses the relationship between algebraic and geometric representations of complex
numbers and complex number techniques to prove results, model and solve problems

MEX12-5 applies techniques of integration to structured and unstructured problems
MEX12-6 uses mechanics to model and solve practical problems

MEX12-7 applies various mathematical techniques and concepts to model and solve structured,
unstructured and multi-step problems

MEX12-8 communicates and justifies abstract ideas and relationships using appropriate language,
notation and logical argument

Ext2 Task 4 2021 -2-



SECTION I

10 marks

Attempt Questions 1 — 10

Use the multiple-choice answer sheet
Select the alternative A, B, C or D that best answers the question. Fill in the response oval
completely.

Sample 2 +4 = (A) 2 B) 6 ©) 8 D) 9
ANO 6@ OO O O

If you think you have made a mistake, put a cross through the incorrect answer and fill in the

new answer.
HWe® B 0O 0O

If you change your mind and have crossed out what you consider to be the correct answer,
then indicate this by writing the word correct and drawing an arrow as follows.

‘/ correct
HE W 0O 0O
1. 3 _;4 dx can be determined using the partial fractions =L + 2z .
l1-x I+x 1-x

The value of 4 is:

A. -3
B. -1
C. 1
D. 3

2.  Mathematical induction is to be used to show n(2n—1)(2n+1) is divisible by 3V n eN.

The inductive step that requires proving is:

A. (k+1)(2k)(2k +2) is divisible by 3.
B. (k+1)(2k)(2k + 3) is divisible by 3.
C. (k+1)(2k +1)(2k +2) is divisible by 3.
D. (k+1)(2k +1)(2k +3) is divisible by 3.
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3. Consider points 4 and B as shown opposite.

The position vector representing the midpoint of 4B is:

A. (5, 8.5, 10)

B. (5, 10, 8.5)

C. (10, 8.5, 5)

D. (10, 5, 8.5)

4. Given z=2-2i and w=-3+1i, calculate z* _—

A. 3-9i

B. 3-7i

C. 11-9i

D. 11-7i

5.  The Argand diagram representing arg(z+i—1) +% =0 is:

A. B.

Im(z)

5 // » Re(z)

Im(z)

0 * Re(z)
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The diagram opposite shows a rhombus.
Adjacent sides are represented by the two vectors ¢ and b.

It follows that:
A. a-b=0 a
B. a=b
C (a+b)-(a—0)=0
7 >
D |la+b|=|a—b|

1+2i is aroot of the equation z° —z* + ¢z +5=0. The value of ¢ is:

A. -3
B. -1
C. 3
D. 1

Four cards, each with a picture on one face and a plain colour on the other, are shown.

You are given the rule which states:
If a picture of a tree is on a card, then the colour yellow is on its other side.

The card showing the tree needs to be checked to prove this rule. Which of the following
represents the best course to determine which other card (or cards) need to be turned over
to check whether the rule holds?

A. Using proof by induction.

B. Using proof by contradiction.

C. Using proof by counterexample.
D. Using proof by contrapositive.
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. d X . )
9. Given that —(xcos™' (x))=cos ™' (x)— , it follows that |cos™ (x)dx is:
- (xeos™ () -7 [ oos™ (x)
-1 X
A. X oS (x)+J dx +C
1-x*
B. chos‘l(x)dx + Y _iC
1-x°
C. xcos ' (x)— Y _4C
1-x°
D. chosl(x)dx +J Y _dx +C
1-x*
10. The exact value of e(gj is:
A. Yi
B. =i
C. Vi
D Yi
End of Section I



SECTION II

Total Marks — 90
Attempt Questions 11 - 16
All questions are of equal value

Answer each question on the SEPARATE pages provided. Indicate at the top of the page the question
and the page number (eg: Q11, 1 of 4).

In Questions 11-16, your responses should include relevant mathematical reasoning and/or
calculations.

Question 11 (15 marks) Use a SEPARATE writing booklet.

(a) Letz= 2_3.1.
1+
(1) Find z in the form x + iy. 2
(i)  Evaluate |z|. 1
(b) FindJ N 2
4+ x

(c) Consider w = —\/§ + 0.

(1) Express w in modulus-argument form. 2

(i1) Hence or otherwise show that w’ + 64w = 0. 2

(d) Relative to a fixed origin O, the respective position vectors of three points 4 , B and C are:

3 -5 4

2(, |11 | and | O

9 6 -8
(1) Determine, in component form, the vectors AB and AC. 2
(i1) Hence find, to the nearest degree, ZBAC. 2
(111) Calculate the area of ABAC. 2

End of Question 11
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Question 12 (15 marks) Use a SEPARATE writing booklet.

(a)  Sketch the region in the complex plane where the inequalities

1<|z-i|<2 and Im(z)2 0 hold simultancously.

Clearly mark in all x and y intercepts.

(b) By completing the square find J; dx.

«/6—x2—x

(c) Inan Argand diagram z is a point on the circle | Z| =2.

Given thatargz =60 and 0<6< %

(i) Draw a diagram to represent this information.
(ii)  Find, in terms of @, an expression for arg z°.

(iii)  Find, in terms of 6, giving brief reasons, expressions for:
(A) arg (z + 2).

(B) arg (z-2).

©)

z+2

Z—2‘

(d) FindJ sin® xcos’ x dx.

(e) Proveif x,yeZ, then x’ -4y #2.

End of Question 12
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Question 13 (15 marks) Use a SEPARATE writing booklet.

In2
(a) Evaluate J xe * dx. Give your answer in simplest form.
0

(b) OABC is a parallelogram and the point M is the midpoint of AB.
The point N lies on the diagonal AC so that AN : NC =1:2.

NOT TO
SCALE

Let @:g and &Eg.

(1)  Find simplified expressions, in terms of ¢ and ¢, for each of the
vectors E, IV, ON and NM .

(i1)  Deduce, showing your reasoning, that O, N and M are collinear.

- X

(c) By making the numerator rational, or otherwise, find J dx

5+x

Question 13 continues on page 10
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Question 13 (continued)

(d) Two tunnels are planned to be dug through Sydney’s Blue mountains to improve traffic
infrastructure.

Digging at one end of the tunnel is to begin at the point (=9, 15, 7) at Blackheath and
continue in the direction 7i - 5j - k. The digging at the other end of the tunnel will start
at the coordinate (33, 5, —1) near Springwood and continue in the direction - 14i + 3k.
Both sections are to be straight lines.

The coordinates are measured relative to a fixed origin O, where one unit is 500 metres.

(1) Show that the two sections of the tunnel will eventually meet at a point
near Wentworth Falls and find the coordinates of this point.

(1))  Find the total length of the two tunnels to the nearest kilometre.

End of Question 13
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Question 14 (15 marks) Use a SEPARATE writing booklet.

. . o dx
(a) Use a trigonometric substitution to find J—
X

2 4_x2

(b) Suppose that a, (n>1) is a sequence defined by:

a=1 a,=3 and a,=a,_,+a;,_, Vk=3.
7 n
Prove that V n>1, we have a”S(Z] .

(c) A right-angled triangle is shown below, labelled with vectors @, b and ¢
where ¢ =a—b.

Use these vectors and the dot product to prove Pythagoras’ Theorem.

NOT TO
SCALE

(d) (1) Explain why the domain of the function, f (x) =42~ \/; is 0<x<4.
(1)  Show that f (x) is a decreasing function and hence find its range.

(iii))  Using the substitution, =2 — \/ x or otherwise, find the area bounded by

the curve and the x and y axes.

End of Question 14

Ext2 Task 4 2021 -11 -



Question 15 (15 marks) Use a SEPARATE writing booklet.

7
(a) Let/, :J tan” x dx where n is an integer and n > 3.
0

1
n—1

(i) Showthat 7 + 7,6 ,=

4
(i)  Hence determine j tan® x dx.
0

(b) @ 1t A, B nda=" find B intermsof 7.
x(7r—2x) x m-2x V4
(i)  Hence show thatj o dx = 2 In2.
z x( T — Zx) Vs

6

(iii) By using the substitution u = a + b — x show that:

I; f(x) dx = I: f(a+b—x) dx.

Wy

2
cos “x dx

v Hence evaluate _
() J x( T - 2x)

oy

(c) Given a*>+b*>>2ab and a+b+c=1, prove:

(l—a)(l—b)(l—c) > 8abc.

End of Question 15
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Ext2 Task 4 2021



Question 16 (15 marks) Use a SEPARATE writing booklet.

(2) (1)

(ii)

(b) (1)

(i)

(iii)

(iv)

)

(vi)

Ext2 Task 4 2021
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1

Prove for k eR™:

Hence prove 16 < Z— <17.

NP

Solve tan 460 =1 for 0 < 0 < 7.
Express tan 26 in terms of tané.

4tan@ — 4tan’ 0

Hence show tan 460 = 5 .
1— 6tan“ @ + tan" @

Hence show x* + 4x° — 6x* — 4x + 1 =0 has roots

b /4 Or 137
tan— , tan—, tan— and tan—— .
16 16 16

T Sx Or 137
Hence evaluate tanl— tan— tan— tan

an—-—.
16 16

Reduce the quartic equation in (iv) to a quadratic equation in terms of

1
u where u = x —— to then show:

X
tan — —coti =—2-242
16 16
End of Paper
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